Abstract. We suggest an alternative proof of a theorem due to Lambek and Moser using a perceptible model.
1.
The notion of invertibility of sequences which take their values in Z + ∪ {∞} (where Z + denotes the set of non-negative integers) was introduced by J. Lambek and L. Moser. Adopting their terminology [4] , such sequences are called sequences of numbers.
Definition 1. Two sequencesf = (f (n))
∞ n=1 ,ḡ = (g(n)) ∞ n=1 of numbers are mutually inverse if for every m, n ∈ Z + either f (m) < n or g(n) < m, but not both.
It is shown [4, Theorem 1] that a sequence of numbers (f (n))
∞ n=1 has an inverse if and only if it is non-decreasing. In this case, the unique inverse (g(n)) ∞ n=1 is given by (1) g(n) = |{m|f (m) < n}|.
It follows that the inverse of (g(n))
The correspondencef →f between the non-decreasing sequences of numbers and the sets of positive integers is one-to-one. The following partitioning theorem is established.
Lambek-Moser Theorem. [4, Theorem 2] Two non-decreasing sequences of num-
are mutually inverse if and only if the setsf andĝ are complementary, that is they disjointly cover the positive integers.
In this note we suggest an alternative proof of the Lambek-Moser theorem, by applying the running model which was introduced in [3] . Another visual proof was given by E.W. Dijkstra [2] . The reader is referred to [5] for a detailed bibliography on complementary sequences and related topics.
2.
The Model. Let X and Y be two athletes running around a circular stadium in opposite directions, starting at time t = 0. Each time one of these athletes crosses a fixed point O, the number of their meetings since the time t = 0 (if a meeting has already happened) is recorded for this athlete. Notice that the distance traveled by both athletes between two consecutive meetings is precisely the length of the stadium. Now, since the athletes meet countably many times, we choose the point O in which none of these meetings occurs. Then it is clear that between two consecutive meetings, exactly one of the two of them crosses O. As a result, the set S X recorded for X and the set S Y recorded for Y partition the set of positive integers. Conversely, it is also necessary for these sets to partition the set of positive integers that none of their meetings occurs at O.
3.
Normalize the length of the stadium to be 1, place O in 0(mod 1), and let
be a strictly increasing continuous time function describing the motion of X. Let ψ(t) = t be the motion function of Y , who is running in the opposite direction. Then Y crosses O exactly in integer time units. Since the relative motion function of X and Y is ϕ(t)+t, and since together they travel a unit between two consecutive meetings, the number of times X and Y meet until time t is ⌊ϕ(t) + t⌋, where ⌊·⌋ is the floor integer part function. Therefore, the set S Y of positive integers recorded for Y satisfies S Y = {⌊ϕ(n) + n⌋} n∈Z + .
Next, X crosses the point O each and every time ϕ(t) ∈ Z + . Thus, the set S X recorded for X satisfies S X = {⌊ϕ(t) + t⌋} ϕ(t)∈Z + .
We can describe S X in another way. Since ϕ is continuous and strictly increasing, it maps R + = (0, ∞) onto an open segment I := (0, M ) (where 0 < M ≤ ∞), and admits an increasing, continuous inverse ϕ −1 : I → R + . Then
By the above argument, the sets S X and S Y partition the positive integers if and only if X and Y never meet at O. But X and Y do meet at O at time t exactly if both t and ϕ(t) are in Z + . We obtain Corollary 2. Let ϕ : R + → R + be a strictly increasing continuous function and let ϕ −1 : Im(ϕ) → R + be its inverse. Then the sets {⌊ϕ(n) + n⌋} n∈Z + and {⌊n + ϕ −1 (n)⌋} n∈Z + ∩Im(ϕ) partition the positive integers if and only if ϕ(Z + ) ∩ Z + = ∅.
4.
In order to exploit Corollary 2 to prove the Lambek-Moser Theorem, we need two lemmas. The first observation is easily verified by distinguishing between three types of sequences (see [4, §2] ).
and (g(n)) ∞ n=1 be mutually inverse sequences of numbers. Then at least one of these sequences does not admit ∞ as a value, in other words, it is a sequence of (non-negative) integers.
The second lemma is straightforward:
be a non-decreasing sequence of (non-negative) integers. Then there exists a strictly increasing continuous function ϕ : R + → R + such that ⌊ϕ(n)⌋ = f (n), for every n ∈ Z + . Moreover, ϕ can be chosen such that
Proof of the Lambek-Moser Theorem. By Lemma 3 we may assume that (f (n)) ∞ n=1 is sequence of non-negative integers (else (g(n)) ∞ n=1 is). Next, by Lemma 4, there exists a strictly increasing continuous function ϕ : R + → R + such that for every n ∈ Z + , both (a) ⌊ϕ(n)⌋ = f (n), and (b) ϕ(n) / ∈ Z + . We can now use Corollary 2 to deduce that the sets
are complementary. By the conditions on ϕ, using the alternative characterization (1) for the inverse sequence, the inverse off = (f (n)) ∞ n=1 = (⌊ϕ(n)⌋) ∞ n=1 isḡ given by (3) g(n) = ⌊ϕ −1 (n)⌋ if n ∈ Im(ϕ) ∞ otherwise.
Consequently, the complement off in Z + isĝ. Since the correspondencef →f is one-to-one, the proof of the theorem is complete. Remark. Note that S. Beatty's celebrated theorem [1] follows from Corollary 2 by taking ϕ(t) := λ · t, where λ > 0 (and then ϕ −1 (t) = 1 λ · t), that is the case where the speeds of both athletes are constant.
